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We developed the theory which describes the Floquet engineering of surface electronic modes in
bulk mercury telluride (HgTe) by a circularly polarized electromagnetic field. The analysis shows
that the field results in appearance of the surface states which arise from the mixing of conduction
and valence bands of HgTe. Their branches lie near the center of the Brillouin zone and have
the Dirac dispersion characteristic for topological states. Besides them, the irradiation induces the
gap between the conduction and valence bands of HgTe. Thus, the irradiation can turn mercury
telluride into topological insulator from gapless semiconductor. It is demonstrated that the optically
induced states differ substantially from the non-topological surface states existing in HgTe without
irradiation. The structure of the found states is studied both analytically and numerically in the
broad range of their parameters.
I. INTRODUCTION
In the last years, the achievements in the laser and
microwave techniques have made possible the optical
control of condensed matter structures with a high-
frequency electromagnetic field (so-called dressing field),
which is based on the Floquet theory of periodically
driven quantum systems (Floquet engineering)1–4. Par-
ticularly, the studies of various nanostructures strongly
coupled to light—including quantum wells5–9, quantum
rings10–13, quantum spin chains14–17, graphene and Dirac
materials18–27 etc.—have emerged as a vibrant area of
contemporary physics with the objective to control elec-
tronic properties of these systems.
Among various low-dimensional electronic systems,
electrons localized near boundaries of condensed mat-
ter structures (surface electronic states) bear a special
role. The increasing interest of scientific community de-
voted to them is caused by the topologically nontriv-
ial nature of the surface states in structures known as
topological insulators28–30 which behave like an insulator
in their bulk but have the gapless conducting electronic
modes protected by the time-reversal symmetry at their
boundaries. As a consequence, the Floquet engineering
of topological surface states (Floquet topological insula-
tors) attracts attention as an effective tool to control their
physical properties. Particularly, it is shown that the ir-
radiation with a high-frequency electromagnetic field in-
duces topological edge states in graphene31,32 and semi-
conductor quantum wells33,34. Optically induced Weyl
points have been predicted in topological insulators and
Dirac semimetals35–39. Recently, the theory of optically-
controlled spin transport on the surface of bulk topolog-
ical insulators was elaborated40, light-induced modifica-
tion of surface topological states in thin films was stud-
ied41, and the optically induced topological edge states
in the array of quantum rings were analyzed42.
In the present article, we apply the Floquet engineering
approach to the bulk gapless semiconductor—mercury
telluride (HgTe). Although this material has shown topo-
logically nontrivial electronic properties actively studied
last years, only strain was considered before to turn bulk
HgTe into topological insulator43–50. In contrast to this,
we demonstrate theoretically that a circularly polarized
high-frequency electromagnetic field can create topologi-
cal electronic states on HgTe surface. Since the same field
opens the gap between conduction and valence bands, the
light-induced topological phase transition (which turns
HgTe from gapless semiconductor into topological insu-
lator) occurs.
The article is organized as follows. In Sec. II, we for-
mulate the Hamiltonian formalism describing the elec-
tronic states on the irradiated surface of HgTe. In Sec.
III, we solve the corresponding Schro¨dinger problem an-
alytically in the simplest particular cases, calculate the
dispersion of the surface states numerically, and analyze
their energy spectrum. This is followed by the conclu-
sion.
II. THE HAMILTONIAN
In the present article, we consider the surface electronic
states which are localized near the surface (001) of bulk
HgTe and originate from the light-induced mixing of con-
duction and valence bands near the center of the Brillouin
zone. First of all, let us write the Hamiltonian describing
these bands in bulk HgTe51 without a dressing field,
Hˆ = HˆL + HˆBIA, (1)
where
HˆL = (γ1 + 5γ2/2)k2 − 2γ2(J2xk2x + J2yk2y + J2z k2z)
− 2γ3({Jx, Jy}kxky + {Jx, Jz}kxkz + {Jy, Jz}kykz)
(2)
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FIG. 1: Sketch of the system under consideration: (a) (001)
surface of bulk HgTe, irradiated by a circularly polarized elec-
tromagnetic wave with the electric field amplitudeE; (b) wave
function, Ψ(z), of surface electronic states localized near the
(001) surface of HgTe.
is the Luttinger Hamiltonian,
HˆBIA = α[kx{Jx, (J2y − J2z )}+ ky{Jy, (J2z − J2x)}
+ kz{Jz, (J2x − J2y )}] (3)
is the term coming from the bulk inversion asymmetry
(BIA) of the crystal structure, k = (kx, ky, kz) is the
electron wave vector, γ1,2,3 are the Luttinger parame-
ters, α is the BIA parameter, Jx,y,z are the 4 × 4 ma-
trices corresponding to the electron angular momentum
J = 3/2, and the curly brackets {A,B} represent the
anti-commutators of the matrices A and B. To perform
calculations, it is convenient to rewrite the Hamiltonian
(1) as a 4×4 matrix in the basis of Luttinger-Kohn wave
functions, ψjz , which describe four-fold degenerate elec-
tron states of the conduction and valence band in the
center of the bulk Brillouin zone, and correspond to the
four different projections of electron momentum on the
z axis, jz = ±1/2 and jz = ±3/2 (see e.g. Ref. [51]). In
this basis, the Hamiltonian (1) reads
Hˆ =
jz\jz +3/2 −1/2 +1/2 −3/2
+3/2 F I + L H +M N
−1/2 I∗ + L G −N −H +M
+1/2 H∗ +M∗ −N∗ G I − L
−3/2 N∗ −H∗ +M∗ I∗ − L F
,
(4)
where the matrix elements are
F = (γ1 + γ2)(k
2
x + k
2
y) + (γ1 − 2γ2)k2z ,
G = (γ1 − γ2)(k2x + k2y) + (γ1 + 2γ2)k2z ,
I = −
√
3γ2(k
2
x − k2y) + i2
√
3γ3kxky, L =
√
3αkz ,
M = −(
√
3α/2)(kx + iky), H = −2
√
3γ3(kx − iky)kz,
N = −(3α/2)(kx − iky),
Next, we add a dressing field which introduces the op-
tically induced mixing of conduction and valence bands.
Within the conventional minimal coupling approach, we
perform the replacement k → eA(t)/~ in the Hamilto-
nian (1), where A = (Ax, Ay, Az) is the time-dependent
vector potential of the dressing field near the irradiated
surface. Assuming the electromagnetic wave (dressing
field) to be circularly polarized and propagating along
the z axis (see Fig. 1a), the vector potential near the
irradiated (001) surface of HgTe can be written as
A =
E
ω
(cosωt, sinωt, 0), (5)
where E and ω are the amplitude and frequency of the
EM wave, respectively. Then the Hamiltonian (1) can be
rewritten as
Hˆ(t) = Hˆ0 +
[
Vˆ1e
iωt + Vˆ2e
i2ωt +H.c.
]
, (6)
where the time-independent part is
Hˆ0 = HˆL+ HˆBIA+(γ1 + 5γ2/2) k20−γ2(J2x+J2y )k20 , (7)
and the two harmonics are
Vˆ1 = [(γ1 + 5γ2/2)(kx − iky)− 2γ2(J2xkx − iJ2yky)
− γ3({Jx, Jy}(ky − ikx) + {Jx − iJy, Jz}kz)
+ (α/2)({Jx, (J2y − J2z )} − i{Jy, (J2z − J2x)})]k0,
Vˆ2 = [(γ2/2)(J
2
y − J2x) + i(γ3/2){Jx, Jy}]k20 . (8)
Here, k0 = |e|E/~ω is the amplitude of the field-induced
shift of the in-plane electron wave vector. Applying the
conventional Floquet-Magnus approach52–54 to renormal-
ize the time-dependent Hamiltonian (6), we arrive at the
effective time-independent Hamiltonian,
Hˆeff = Hˆ0 +
[
Vˆ1, Vˆ
†
1
]
~ω
+
[
Vˆ2, Vˆ
†
2
]
2~ω
+
[[
Vˆ1, Hˆ0
]
, Vˆ †1
]
+H.c.
2(~ω)2
+
[[
Vˆ2, Hˆ0
]
, Vˆ †2
]
+H.c.
8(~ω)2
+ o
(
Vˆ1,2
~ω
)2
, (9)
where the square brackets [Aˆ, Bˆ] represent the commu-
tators of the operators Aˆ and Bˆ. In what follows,
we consider the dressing field (5) to be high-frequency
(γ1,2,3k
2
0/~ω ≪ 1 and αk0/~ω ≪ 1). For reasonable irra-
diation intensities of kW/cm2 scale, these conditions can
be satisfied for high-frequencies beginning from the THz
range. In this high-frequency limit, the effective time-
independent Hamiltonian (9) reads Hˆeff ≈ Hˆ0. There-
fore, one can use the stationary Hamiltonian (7) to de-
scribe the electronic states near the (001) surface renor-
malized by the high-frequency field (5). In the Luttinger-
Kohn basis, ψjz , the Hamiltonian (7) reads
Hˆ0 =
jz\jz +3/2 −1/2 +1/2 −3/2
+3/2 F0 I + L H +M N
−1/2 I∗ + L G0 −N −H +M
+1/2 H∗ +M∗ −N∗ G0 I − L
−3/2 N∗ −H∗ +M∗ I∗ − L F0
,
(10)
3where the field-containing matrix elements are F0 = F +
∆0+∆/2 and G0 = G+∆0−∆/2, ∆ = 2γ2(eE/~ω)2 is
the field-induced splitting of the conduction and valence
bands in the Brillouin zone center, and ∆0 = γ1(eE/~ω)
2
is the field-induced shift of zero energy, which is omitted
in the following.
III. RESULTS AND DISCUSSION
First of all, let us consider the electronic states with
the zero in-plane wave vector, kx = ky = 0. For these
states, the Floquet engineered Hamiltonian (10) takes the
block-diagonal form
Hˆ0 =
[ Hˆ± 0
0 Hˆ∓
]
, (11)
where
Hˆ± =
[
(γ1 ∓ 2γ2)k2z ±∆/2 ±
√
3αkz
±√3αkz (γ1 ± 2γ2)k2z ∓∆/2
]
.
(12)
The four eigenspinors of the Hamiltonian (11) describing
bulk electronic states of HgTe at kx = ky = 0 can be
written as
ϕ+j =


λ+j (kz)
1
0
0

 eikzz, ϕ−j =


0
0
1
λ−j (kz)

 eikzz, j = 1, 2,
(13)
where
λ±j (kz) =
∓√3αkz
(γ1 ∓ 2γ2)k2z ±∆/2− εj(kz)
, (14)
and the corresponding eigenenergies are
εj(kz) = γ1k
2
z + (−1)j
√
(∆/2− 2γ2k2z)2 + 3α2k2z . (15)
The electronic states localized near the surface (001) are
described by the same spinors (13) with the imaginary
z-component of electron wave vector, kz = iκ. The two
energy branches (15) produce two different parameters
κ = κ1,2 satisfying the equation
ε = γ1κ
2
j + (−1)j
√
(∆/2 + 2γ2κ2j )
2 − 3α2κ2j , (16)
where ε is the energy of the surface state. It should be
stressed that the parameters κ1,2 can be complex num-
bers but their real part must be positive for spinors
(13) to decay exponentially into the bulk at z → ∞
(see Fig. 1b). Making the replacement, kz → iκ1,2, in
Eqs. (13)-(15), one can write the surface-localized eigen-
function of the Hamiltonian (11) as a linear combination
of the spinors (13),
Ψ(z) = C1


λ+1 (iκ1)
1
0
0

 e−κ1z + C2


λ+2 (iκ2)
1
0
0

 e−κ2z
+ C3


0
0
1
λ−1 (iκ1)

 e−κ1z + C4


0
0
1
λ−2 (iκ2)

 e−κ2z, (17)
where C1,2,3,4 are the constants to be determined. To
do so, we chose the model of a surface potential which
can be approximated by the infinitely-high barrier at the
coordinate z = 0. This sets the boundary condition for
the electron wave function (17) as Ψ|z=0 = 0, and results
into a homogeneous system of four algebraic equations
defining the constants C1,2,3,4,
C1λ
+
1 (iκ1) + C2λ
+
2 (iκ2) = 0, C1 + C2 = 0,
C3λ
−
1 (iκ1) + C4λ
−
2 (iκ2) = 0, C3 + C4 = 0. (18)
The secular equation for the algebraic system (18),
[λ+1 (iκ1)− λ+2 (iκ2][λ−1 (iκ1)− λ−2 (iκ2)] = 0, (19)
defines the sought energy (16) of the surface electronic
states at kx = ky = 0.
The system of equations (19) and (16) can be easily
solved analytically if γ1 = 0. Physically, this particular
case corresponds to a semiconductor with the Hamilto-
nian (2), where the masses of electrons and holes along
the z axis, me and mh, are equal to each other. For
such a symmetric electron-hole system, the eigenenergy
(16) is ε = 0 and the surface-localized eigenspinors (17)
corresponding to this eigenenergy can be written as
Ψ1(z) = A(e
−κ1z − e−κ2z)


−i
1
0
0

 , (20)
Ψ2(z) = A(e
−κ1z − e−κ2z)


0
0
1
i

 , (21)
where
κj =
∣∣∣∣∣
√
3α
4γ2
∣∣∣∣∣+ (−1)j
√√√√(√3α
4γ2
)2
− ∆
4γ2
, (22)
and A =
√√
3α∆/(6α2 − 8γ2∆) is the normalization
constant. The eigenspinors (20)-(21) can be easily ver-
ified by direct substitution into the Schro¨dinger equa-
tion, HˆΨ1,2 = εΨ1,2, with the Hamiltonian (11) and the
eigenenergy ε = 0. Since κ1,2 6= 0 if α 6= 0, the sur-
face states (20)-(21) physically originate from the BIA of
4the crystal. To find the dispersion of the surface states
(20)-(21) for small in-plane wave vectors kx,y, we have
to project the total Hamiltonian (10) to the subspace
spanned by these two states, Ψ1 and Ψ2. Keeping the
terms linear in kx,y, we arrive at the Hamiltonian,
HˆD = −3α
2
(σxkx + σyky)−
√
3α
2
(σxky + σykx), (23)
where σx,y are the Pauli matrices written in the basis
(20)-(21). Diagonalizing the Hamiltonian (23), we can
write the sought energy spectrum of the surface states
(20)-(21) near kx = ky = 0 as
ε(kx, ky) = ±
√
3α
√
k2x + k
2
y +
√
3kxky. (24)
Eqs. (23)-(24) reveal the energy spectrum of the found
surface states, which is typical for topological insula-
tors28. Namely, the two degenerate states (20)-(21) form
the Dirac point at kx = ky = 0 with the energy ε = 0,
which lies in the middle of the conduction and valence
bands, and the linear dispersion (24) near the point ap-
pears.
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FIG. 2: The energy spectrum of the optically induced topo-
logical electronic states (bold red curves) on the (001) surface
of HgTe irradiated by a circularly polarized electromagnetic
wave with the intensity I = 850 W/cm2 and the photon en-
ergy ~ω = 2 meV: (a) near the Dirac point; (b) in the broad
range of electron wave vectors. Thin green and blue curves
represent the dispersion of conduction and valence bands in
bulk HgTe, respectively, and ∆ is the optically induced band
gap.
The approach discussed above, which describes ana-
lytically the surface states originated from the Hamil-
tonian (10) at kx = ky = 0 and γ1 = 0, can be ap-
plied numerically to the same Hamiltonian (10) at any
wave vectors kx,y and parameters γ1,2,3 as well. As a
result, one can calculate the energy spectrum of the sur-
face states in the broad range of electron wave vectors
and band parameters. The numerically calculated dis-
persion of the surface states is presented in Fig. 2 for the
following HgTe band parameters50,55: γ1 = 15.6 ~
2/2m0,
γ2 = 9.6 ~
2/2m0, γ3 = 8.6 ~
2/2m0 and α = 0.208 A˚·eV.
Since the electron-hole system in HgTe is strongly asym-
metric, me/mh = (γ1 − 2γ2)/(γ1 + 2γ2) ≪ 1, the Dirac
point energy is shifted towards the conduction band (see
Fig. 2a). It is seen also that the branches of the surface
states merge into the spectrum of bulk conduction band
if the plane electron wave vector, kx,y, is large enough
(see Fig. 2b). As a result, the discussed surface states
as a whole are localized near the conduction band of
HgTe for small wave vectors k. It should be stressed that
the Hamiltonian (23) and the dispersion (24) are appli-
cable to describe the energy spectrum of surface states
near the Dirac point for any band parameters. Partic-
ularly, the Dirac velocity, vD =
√
3α/~, which can be
extracted from the dispersion (24), does not depend on
the Luttinger parameters γ1,2,3. We note that the effec-
tive Hamiltonian (10) is similar to the Hamiltonian of
a strained gapless semiconductor51. Therefore, the dis-
cussed topological states behave like those in strained
HgTe50.
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FIG. 3: The energy spectrum of the D’yakonov-Khaetskii sur-
face electronic states (bold red curves) on the (001) surface of
HgTe:(a) in the absence of irradiation; (b) in the presence of
a circularly polarized electromagnetic wave with the intensity
I = 850 W/cm2 and the photon energy ~ω = 2 meV. Thin
green and blue curves represent the dispersion of bulk bands,
respectively, and ∆ is the optically induced band gap.
It follows from Eq. (22) that κ1 6= 0 if the optically
induced band gap is ∆ 6= 0. Otherwise, κ1 = 0 and the
corresponding electronic wave function plotted in Fig. 1b
is delocalized, i.e. the surface states vanish. Therefore,
the surface electronic states discussed above exist only in
the presence of the irradiation and, thus, are optically in-
duced. This is the substantial difference of the considered
surface states from the non-topological surface states ex-
isting in gapless HgTe without an irradiation, which were
analyzed for the first time by D’yakonov and Khaet-
skii56. To demonstrate the difference between these two
kinds of surface states in more details, let us consider
the evolution of the D’yakonov-Khaetskii (DKh) surface
states under the irradiation. In contrast to the consid-
ered optically induced surface states, the BIA Hamilto-
nian (3) is not crucial for their existence. Therefore, we
will assume α = 0 in the following analysis. To sim-
plify calculations, we also neglect the weak anisotropy of
electron-hole dispersion in HgTe. Mathematically, this
corresponds to the replacement of the Luttinger param-
5eters, γ2,3 → γ = (2γ2 + 3γ3)/5, in the Hamiltonian
(10). Under the made assumptions, the surface-localized
eigenspinor of the Hamiltonian (10) can be written as
Ψ(z) = C1


e−
i3θ
2
λ+1 e
iθ
2
−iλ+1 e−
iθ
2
−ie i3θ2

 e−κ1z + C2


e−
i3θ
2
λ−1 e
iθ
2
iλ−1 e
− iθ
2
ie
i3θ
2

 e−κ1z
+ C3


iλ+2 e
− i3θ
2
−ie iθ2
e−
iθ
2
−λ+2 e
i3θ
2

 e−κ2z + C4


−iλ−2 e−
i3θ
2
ie
iθ
2
e−
iθ
2
−λ−2 e
i3θ
2

 e−κ2z,
(25)
where
λ±j =
(−1)j[ε− γ1(k2 − κ2j)] + γ(k2 + 2κ2j) + ∆/2√
3γ(k2 ± 2κjk)
,
(26)
k = (kx, ky, 0) = (k cos θ, k sin θ, 0) is the in-plane wave
vector, and the energy of the surface electronic states is
ε = γ1(k
2 − κ2j)
+ (−1)jγ
√
3k4 − 12κ2jk2 + [k2 + 2κ2j +∆/(2γ)]2. (27)
Applying the zero boundary condition, Ψ(0) = 0, to the
eigenspinor (25), we arrive at the homogeneous system of
four algebraic equations defining the constants C1,2,3,4.
The secular equation of the system reads as
[λ+1 λ
−
2 + 1][λ
−
1 λ
+
2 + 1] = 0. (28)
Solving this secular equation, one can find the energy
spectrum of the DKh surface states in irradiated HgTe,
ε. In the absence of the irradiation (∆ = 0), Eq. (28) can
be solved analytically and leads to the known dispersion
of the DKh surface states56,
ε =

1−
(
1 +
√
3(2γ − γ1)/(2γ + γ1)
2
)2 (γ1 + 2γ)k2,
(29)
which is plotted in Fig. 3a. Since the DKh surface states
are not topological, their dispersion is parabolic in con-
trast to the Dirac dispersion of the optically induced
states plotted in Fig. 2. Solving Eq. (28) numerically
for ∆ 6= 0, we arrive at the spectrum of the DKh states
on the irradiated surface, which is shown in Fig. 3b. We
observe that the discussed states exist only for large elec-
tron wave vectors, k, and vanish near k = 0. Namely,
it follows from Fig. 3b that the branch of the DKh sur-
face states merges into the continuum of bulk conduction
band at a some critical electron wave vector. The value
of the critical wave vector, k = k ′, is defined by Eq. (28),
where the energy of the surface electron states (27) is
equal to the energy of bulk conduction band in irradiated
HgTe. Taking this into account, one can find k ′ ∝ √∆.
Thus, the irradiation shifts the existence domain of the
DKh states to the region of large electron wave vectors,
k, inside the conduction band. As a consequence, they
disappear near the Dirac point of the optically induced
topological states shown in Fig. 2a. It should be noted
also that the DKh states do not lie within the band gap
∆ (see Fig.3b). Therefore, they cannot turn mercury
telluride into topological insulator.
IV. CONCLUSION
We developed the theory which describe surface elec-
tronic states appearing on the surface of HgTe due to
the mixing of the conduction and valence bands by a cir-
cularly polarized electromagnetic field. The states orig-
inate from the bulk inversion asymmetry of HgTe and
have the Dirac point in their dispersion, which is charac-
teristic for topological states. It is shown that the struc-
ture of these optically induced topological states differs
substantially from the known non-topological D’yakonov-
Khaetskii surface states56 existing in HgTe in the absence
of irradiation. Namely, the irradiation shifts these sur-
face states to the region of large electron wave vectors,
whereas the optically induced topological states are lo-
calized near the Brillouin zone center. As a consequence,
these two kinds of surface states can be detected in ex-
periments independently. It should be noted that the
experimental methodology based on the angle resolved
photoemission spectroscopy (ARPES) technique, which
is commonly used to study surface electronic states in
various condensed-matter structures57–59, is also appro-
priate for observation of the optically induced topolog-
ical states discussed above. Since the energy difference
between the states and the conduction band is of sub-
meV scale (see Fig. 2), the temperatures around 1K are
required to observe them experimentally.
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